We study the spatiotemporal dynamics of the underdamped Josephson junction series arrays (JJSA) which are globally coupled through a resistive shunting load and driven by an rf bias current. Clustering bifurcations are shown to appear. In particular, cluster-doubling induced period-doubling bifurcations and clustering induced spatiotemporal chaos are found. Furthermore, an interesting spatiotemporal intermittency is also found. These phenomena are closely related to the dynamics of the single cell.
The dynamics of globally chaotic systems has been of great interest in recent years. They arise naturally in studies of Josephson junctions arrays, multimode laser, charge-density wave, oscillatory neuronal system, and so on. Some rather surprising and novel features, such as clustering, splay state, collective behavior, and violation of the law of large numbers are revealed in these continuous and discrete globally coupled models Bhattacharya et al., 1987; Chernikov & Schmidt, 1995; Domínguez et al., 1991; Domínguez & Cerdeira, 1995; Eikmans & van Himbergen, 1991; Fisher, 1983; Free et al., 1990; Hadley & Beasley, 1987; Hadley et al., 1988; Kaneko, 1989; Kvale & Hebboul, 1991; Lee et al., 1992; Middleton et al., 1992; Strogatz & Mirollo, 1993; Tchiastiakov, 1996; Tsang et al., 1991; Tsang & Schwartz, 1992; Watanabe & Strogatz, 1993; Wiesenfeld et al., 1996] .
Being a paradigm for the study of nonlinear dynamical systems with many degrees of freedom, Josephson junction series arrays (JJSA) have been a subject of active research. After scaling the parameters [Domínguez et al., 1991] , the dynamical equations of an underdamped JJSA shunted by a resistive load, and subject to an rf-bias current I(t) = I dc + I rf sin(ω rf t), [Hadley & Beasley, 1987; Hadley et al., 1988; Tsang et al., 1991; Tsang & Schwartz, 1992 ] arë
where φ i is the superconducting phase difference across the junction i. N is the total number of Josephson junctions or system size. Here, we use reduced units, with currents normalized by the critical current, i = I/I c ; time normalized by the plasma frequency ω p t = τ , with ω p = (2eI c / C) 1/2 and C the capacitance of the junctions; and voltages by rI c , with r the shunt resistance of the junctions. i L is the current flowing through the resis-
, with β c the McCumber parameter [McCumber, 1968; Stewart, 1968] ; v = V total /N is the total voltage across the array per junction; σ = rN/R, with R the resistance of the shunting load, represents the strength of the global coupling in the array; and the normalized rf frequency is Ω rf = ω rf /ω p . Equation (1) exhibits rich spatiotemporal behavior, including phase locking, bifurcations, chaos, solitonic excitation, and pattern formation, breaking the law of large numbers and novel pseudo-Shapiro steps emerge in turbulence Domínguez et al., 1991; Domínguez & Cerdeira, 1995; Eikmans & van Himbergen, 1991; Free et al., 1990; Kvale & Hebboul, 1991; Lee et al., 1992] . However, to the best of our knowledge, the mechanism of the transitions among these dynamical phases, specially the transition from coherence to turbulence, has never been discussed. In this paper we study the interesting spatiotemporal intermittency, clustering bifurcation and clustering induced spatiotemporal chaos in the system (1). For a single cell (i.e. N = 1), the dynamical equation reduces tö
with g = (1 + σ)g. It is well known that Eq. (2) can exhibit chaotic behavior in the underdamped regime, i.e. g < 1 and Ω rf < 1 [Ben-Jacob et al., 1982; Bhagavatula et al., 1992; Huberman et al., 1980; Iansiti et al., 1984; Jensen et al., 1984; Kautz & Monaco, 1985; Octavio & Raedi Nasser, 1984] . In Figs. 1(a) and 1(b) we show the bifurcation diagrams, for g = 0.2, Ω rf = 0.8, as a function of i rf and i dc respectively. In Fig. 1 (a) with i dc = 0.03, the following points are to be remarked: First, the motion of the system (2) is period-1, then as i rf increases to a critical value 0.662, in the system takes place a period-doubling bifurcation to period-2. Second, as i rf continuously increases, the system undergoes a series of period-doubling bifurcation leading to a small scale region of chaos. At i rf ≈ 0.832, this chaotic attractor suddenly expands, and is replaced by a large scale chaotic motion. After the expanding transition the system acquires a rotating motion, and the time-averaged voltage becomes nonzero. The bifurcation diagram as a function of i dc , with i rf = 0.61, is shown in Fig. 1(b) . The bifurcation behavior is essentially different from that of Fig. 1(a) . As i dc increases, the period-1 orbit first loses its stability, then a new period-2 solution arises via period-doubling bifurcation. The most interesting and surprising point is that this perioddoubling solution meets with an unstable period-2 orbit (the dashed lines), and they suddenly disappear via inverse tangent (saddle-node) bifurcation as i dc reaches a critical value i dc ≈ 0.035076. Beyond this threshold, the behavior of the system is rotating and the motion is chaotic in a large scale region, and has the characteristic of type-I intermittency [Pomeau & Manneville, 1980] . In Fig. 1(b) , it is clear that another period-2 orbit appears via tangent bifurcation for i dc near zero. Increasing i dc , this period-2 solution first bifurcates into a small region of chaos through a series of continuous period-doubling bifurcations, then this chaotic motion coincides with the unstable period-2 orbit, and suddenly disappears due to a boundary crisis [Grebogi et al., 1983] . The two attractors form an interesting hysteresis phenomenon. In the following we investigate the complicated spatiotemporal dynamics in JJSA and how it originates from that of a single Josephson junction. An important concept in a model for globally coupled systems is "clustering". This means that even when the interaction between all elements is identical, the dynamics can break into different clusters, each of which consists of fully synchronized elements. After the system falls in an attractor, we say that the elements i and j belong to the same cluster if φ i ≡ φ j for all time. Therefore, the behavior of the whole system can be characterized by the number of clusters n cl , and the number of elements of each cluster (M 1 , M 2 , . . . , M n cl ) [Domínguez & Cerdeira, 1995; Kaneko, 1989] .
The simplest attractor of the system (1) is the spatially homogeneous configuration, so called coherent state, i.e. φ i (τ ) ≡ φ(τ ), n cl = 1, M 1 = N. Linearizing Eq. (1) around the φ(τ ) statë
Introducing the following coordinates defined by
After simple algebra, the critical stability boundaries of this coherent state are determined by the following set of linearizing equations:
The first equation in (5) is nothing but the equation obtained from linearizing the single cell case [Eq. (2)]. The second one characterizes the evolution of the difference of two cell perturbations. The interesting point here is that the second one has the same structure as the other except that it has g instead of the renormalized g. Since the difference between the two is proportional to σ, the system recovers the single cell scenario when σ = 0. The critical boundaries of the coherent state in the σ versus i rf parameter plane are shown in Fig. 2(a) with g = 0.2, i dc = 0.03 and N = 128. In the white region, the coherent state (motion in time may be regular and irregular) is locally stable, while in the shaded region, the coherent state loses its stability, and bifurcates to a multicluster state. As the coupling strength σ decreases to zero, the instability regions collapse to the discrete bifurcation points for a single cell (σ = 0). After the coherent state loses the stability, lots of multiclusters are created in the JJSA. A class of interesting states are multiclusters with a uniform distribution of junc- tions per cluster (i.e. M 1 = · · · = M n cl , with M i , being the number of elements in the ith cluster), and each cluster may have the same motion except for uniformly distributed phase shifts. We focus on this kind of states, a period-m state with k clusters will be called TmCk state, and N = k × n, n = 1, 2, 3, . . . . It often happens that m = k, then the dynamics of the TkCk state is reduced tö
To investigate the clustering bifurcations in JJSA with nonzero coupling, we show the asymptotic state of the system (1) in Fig. 2(b) as a function of i rf with σ = 0.1, N = 128 and the other parameters equal to those of Fig. 1(a) . However, the bifurcation diagram is essentially different from that of Fig. 1(a) . The T1C1 (coherent) state first undergoes a cluster-period-doubling bifurcation at i rf ≈ 0.624 to create a stable T2C2 state. By increasing i rf , the state undergoes further clusterperiod-doubling bifurcations leading to spatiotemporal chaos. Figure 2(b) is interesting due to the following novel features. First, we find a clusterdoubling induced period-doubling. The bifurcation point value is below the period-doubling condition for a single Josephson junction. Global coupling leads to cluster doubling at this parameter, which induces period doubling in time. Second, we find a cluster-doubling sequence 1-2-4 (and the induced period-doubling sequence). We expect that this clustering doubling cascade will proceed to a very large number of clusters and long periods. In our case this cascade is interrupted at k = 4 by a Hopf bifurcation, i.e. the modulus of another couple of complex eigenvalues is greater than one. Nevertheless, the tendency of cluster doubling bifurcations leading to spatiotemporal chaos can still be seen in Fig. 2(c) , where we plot number of clusters versus i rf for the state described in Fig. 2(b) . Therefore, we conclude that spatiotemporal chaos is made possible by clusterization, and call it "clustering induced spatiotemporal chaos". Moreover, these cluster-doubling sequences grow from the perioddoubling sequences of the single cell due to the nonzero global coupling. As σ decreases to zero, the clustering-doubling sequences is identified as the period-doubling sequence of the single cell. If the period-doubling sequence of the single cell is broken off, then the character of the clustering bifurcation in JJSA also changes suddenly. This can be clearly seen in Fig. 3(a) which shows the asymptotic state of the system (1) along the i dc axis, with σ = 0.6 and the other parameters are the same as those of Fig. 1(b) . The T1C1 state first undergoes a cluster-period-doubling bifurcation at i dc ≈ 0.02087 to create a stable T2C2 state. However, since the period-doubling period-2 solution in the single cell [see Fig. 1(b) ] is destroyed by the inverse saddlenode bifurcation by increasing i dc , the T2C2 state in the JJSA is suddenly destroyed by the spatiotemporal intermittency transition near i dc = 0.02143. In Figs. 2(b) and 3(a), first we run Eqs. (1) to get the coherent (period-1) state from random initial conditions, then we compute Eqs. (1) by gradually increasing the parameter value (i dc or i rf ) and by using the final state for the previous parameter value as the initial state for the new parameter value, in this way we can surely get clusters with a uniform distribution of cells for all cluster-doubling cascades. Figure 3(b) shows the phase diagram among T1C1 state, T2C2 state and the turbulent phase in the σ versus i dc plane. The two critical transition curves in Fig. 3(b) are obtained by the numerical simulation of the system (1). It is clear that the regime of the T2C2 state is very narrow. Figures 4 shows the snapshots of φ for the T1C1 state and T2C2 state after a long transient process. The features of coherence and two-cluster are clearly observed in Figs. 4(a) , and 4(b)-4(c), respectively. The most interesting phenomenon is that the system suddenly evolves to a very complicated rotating motion as i dc is increased beyond a critical value (i dc ≈ 0.02143 for σ = 0.6), i.e. after the T2C2 state loses its stability. The system falls in a large n cl ∼ N clusters motion with all M j small. Figure 5 shows the space-time evolution after a very long and complicated transient process for i dc = 0.0215 and σ = 0.6. The turbulent character of the motion is very clear. The evolution of φ 1 (the first junction) is displayed in Figs. 6(a) at the same parameters values as those of Fig. 5 . The motion displays periodic behavior (2P) for a long time, it is suddenly interrupted by large bursts and quickly resumes the periodic fashion. The similar features of the difference φ 1 −φ 2 are also displayed in Fig. 6(b) . As i dc is far from the critical value, more and more random large bursts take place more frequently. Although this behavior is similar to the characteristic of well-known intermittency, which were investigated in low-dimensional systems [Pomeau & Manneville, 1980] , it is an essential type of spatiotemporal intermittency, which has not been found before in the rf-driven JJSA or other high dimensional globally chaotic systems. The above features do not depend on the specific cell and the number of cells. The spatial variable (N ≥ 2), the dynamics of a single cell and the global coupling are of crucial importance for this interesting phenomenon.
In conclusion we analyzed the complex spatiotemporal dynamics of the rf-driven JJSA. Clustering bifurcation, clustering induced spatiotemporal chaos and spatiotemporal intermittency are shown to appear in these systems. The spatial variable, the dynamics of a single cell and the global coupling are of crucial importance for the existence of these interesting spatiotemporal phenomena.
